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Abstract

This article introducesnew techniquesfor non-distortedtexture
mappingon complex triangulatedmeshes.Texturecoordinatesare
assignedto theverticesof thetriangulationby usinganiterativeop-
timizationalgorithm,honoringa setof constraintsminimizing the
distortions.As comparedto otherglobaloptimizationtechniques,
our methodallows theuserto specifythesurfacezoneswheredis-
tortionsshouldbeminimizedin orderof preference.Themodular
approachdescribedin thispaperresultsin ahighly flexible method,
facilitatinga customizedmappingconstruction.For instance,it is
easyto align the texture on the surfacewith a setof userdefined
isoparametriccurves. Moreover, the mappingcan be madecon-
tinuousthroughcuts,allowing to parametrizein onego complex
cut surfaces. It is easyto specifyotherconstraintsto be honored
by the so-constructedmappings,assoonasthey canbeexpressed
by linear (or linearizable)relations. This methodhasbeeninte-
gratedsuccessfullywithin awidely usedC.A.D.softwarededicated
to geosciences.In this context, applicationsof the methodcom-
prisenumericalcomputationsof physicalpropertiesstoredin fine
gridswithin texturespace,unfoldinggeologicallayersandgenerat-
ing gridsthataresuitablefor finite elementanalysis.Theimpactof
themethodcouldbealsoimportantfor 3D paintsystems.
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1 INTRODUCTION

Texturemappingis widely usedto improve the visual richnessof
3D surfacesin computergeneratedimages.Each3D surfaceis put
in correspondencewith a planarimagethrougha function called
a mapping. Sucha mappingassignsa pair of coordinates�������
	
referringto a pixel of theplanarimageto eachpoint of a surface.
Thus, for instance,the latitudeand longitudecandefinea trivial
mappingof a sphere.This techniquewas introducedby Catmull
in [Cat74], and first appliedto bicubic patchesusing a recursive�
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subdivisionalgorithm.Unfortunately, thesemethodsoftenproduce
highly distortedtexturesin theresultingimages.

First attempts to minimize these distortions were made in
[Pea85]and in [BS86] by separatingthe processinto two steps.
Thetexturepatternis first appliedto a simpleintermediatesurface
suchas a box or a cylinder for which texture mappingis trivial.
Then, this intermediatesurface is projectedon the target object.
Thechoiceof theintermediatesurface,its orientationtogetherwith
theprojectionmethoddramaticallyaffect theresults,andgreatdeal
of userinteractionis thereforerequired.

Another idea is to considerthat assigningtexture coordinates
to any surface is equivalent to flattening it. Such a technique
is describedin [SMSW86]. The idea consistsin unfolding a
polygonalsurfacefrom a userselectedseed. A similar ideahas
beendevelopedin [BVI91]. This lattermethodmeansaparametric
surfacemaybeunfoldedby allowing cutsto appearon themapped
texture when the discrepancy of the geodesiccurvature goes
beyondagiventhreshold.

Minimizing the distortions induced by texture mapping can
be also realizedusing optimization techniques. In the method
proposedin [ML88], a mappingof any surfaceis constructedby
startingfrom a grid of points sampledon the surface. The grid
is then iteratively optimized by minimizing a global distortion
criterion. Krishnamurthyproposesin [KL96] a similar approach
for converting a triangulatedmeshinto a setof B-Splinesurfaces.
It is also possibleto constructa mapping by assigning ������
	
coordinatesto theverticesof themesh.This naturallyleadsto the
useof harmonicmaps,as describedin [ERDH95]. This method
consistsin minimizingametricdispersioncriterion.Unfortunately,
this doesnot alwayspreserve anglesaccurately. Anotherapproach
is introducedin [Flo97], generalizingthe barycentric mapping
methodintroducedin [Tut60]. The �������
	 texture coordinatesare
foundto bethesolutionof a linearsystem,whereeach ������
	 point
is a convex combinationof its neighbors.Floater[Flo97]proposes
away of choosingthecoefficientsof theseconvex combinationsto
mimic the chord lengthparametrizationfor curves. Theseglobal
methodsgivegoodresultsfor mostsurfaces,but suffer from several
limitations whenappliedto complex surfaces. For thesekinds of
methods,sincethe criterion to be minimized is hardwiredin the
optimization algorithm, it is often difficult to take into account
userdefinedinformation. For instance,as most surfacesare not
developable,distortionswill still remain,andtheusermaywantto
specifythedistributionof thesedistortions.

This article proposesa new global optimizationmethod. As
comparedto other similar techniques,the methodis basedon a
modularapproachenablingtheway themappingis constructedto
becustomized.For instance,it is possibleto tunetheperpendicu-
larity and homogeneousspacingof isoparametriccurves all over
the surface, thus specifying the surface zoneswhere distortions
shouldbe minimizedin orderof preference.It is alsopossibleto
make the mappingrespecta set of user specifiedisoparametric



curves. Moreover, the mappingcanbe madecontinuousthrough
cuts, henceallowing the mappingof a texture on a complex cut
surfacein one go. The methodcan be extendedeasily to honor
other kind of linear constraints. All theseconstraintsallow the
method to take into account user specified information while
beeing much more automatic than other interactive mapping
methods[Ped95, LM94, MYV93], where the parametrizationis
partiallyor completelydefinedby theuser.

The first sectionof the papersummarizesthe notionsinvolved
in texturemappingon triangulatedmeshes,andshows how a map-
ping canbe constructedusingan iterative optimizationalgorithm.
In Section2, thecriteriato bemet in constructinga non-distorting
mappingare introduced. Thesecriteria areexpressedasa setof
linearconstraintsin Section3, wherethealgorithmpreviously in-
troducedis modifiedin orderto honorthem.This resultsin a gen-
eralalgorithmthatcanbeextendedeasilyto take into accountuser
specifiedinformation,asshown in Section4. In this lattersection,
we show how to respectuserspecifiedisoparametriccurves,and
how to makemappingscontinuousthroughcuts.Section5 presents
someapplicationsandresults.Thepaperconcludeswith somesug-
gestionsfor futuredevelopments.

2 PARAMETRIZING A TRIANGULATION

In this section,thenotionof mappingfunctiondefinedon a trian-
gulatedmeshis recalled,anda new methodfor constructingsuch
mappingfunctionsis described,basedon aniterative optimization
algorithm.How thesemappingscanbeoptimizedin orderto mini-
mizethedistortionsis thenexplainedin Section3.

2.1 Mapping Function � and Discrete Mapping �
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Figure1: Mapping � from asurface � of ��� to ������� .
As shown in Figure1, givenanopensurface � of ��� , amapping�
is a one-to-onetransformthatmapsthesurface � to a subset� of� � . ���
� �!� "$#�%'&)( *+�,�-� �.� "$#0/ 1 *324���
�5�!� "$#*36.���-�5�.� "$#87

Regardingamapping,thefollowing definitionscanbegiven:9 � is calledtheparametric �������
	 domain.9 As � is, by definition,aone-to-onefunction,it hasaninverse
function :<;=�?>A@ , calledaparametrizationof thesurface:��BC�EDF#�%HG ( IJ��BC� DF#0/K*+L4MF��BC� DF#0/ 1 �
��BC� DF#�.��BC� DF#"N�,B
�EDF#87

If a surfacehasa parametrization: defined,the inverse �O;:P>�@ of thisparametrizationnaturallyprovidesamappingfunction.
Catmullappliedthis techniqueto cubicsplinesin [Cat74], in which
a recursive subdivision schemeis described,makingit possibleto
avoid invertingof theparametrizationdirectly.
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Figure2: Mappingfunction � interpolatedover a triangle.

In what follows, the surface � is provided with a triangulationQ ;=RNST�VUXW , whereS is thesetof theverticesof thetriangulation,
and U the set of the trianglesof

Q
, definedas vertex triplets.

For the sake of simplicity, S will be identified with the intervalY[ZP\$\$\^]`_
of integers, where

] ;ba Sca denotesthe numberof
verticesof the triangulation. The geometriclocation at a vertexdfe S is denotedgh� d 	 in whatfollows.

For this kind of surface, it is naturalto definethe value of �
at the vertices S of the triangulation

Q
. This informationcanbe

storedas a set of ���0ij��kiE	 values,where
Z�lnmolp]

. How to
choosethese��� i �� i 	 valuesis explainedin Section4. Thisdefines
a discretefunction qsrtSOuv��� suchthat w d i e ST�^qx� d i 	�;Rkqzy0� d i5	^�Vqz{
� d i5	�WK;n���0ij��ki 	 . As shown in Figure2, a mapping
function � canbethendefinedasthelinearinterpolationof q over
eachtriangle |};~� d ij� d�� � dP� 	 of U . For eachpoint g in | , � is
givenby: � �T��gP	�; � Z��f����� 	 \ qx� d i 	� � \ qx� d � 	� � \ qx� d � 	
where:9 �

and
�

arethelocalbarycentriccoordinatesat thepoint g in|9�� �,�C��#0/���B!�� D��5#�� � �,�
�V#J/���B��F�ED^�V#�� � ���C�F#0/��,B!�!� D��N#
2.2 Discrete Smooth Interpolation

Givena triangulation
Q ;�RNST�VU�W , we wantto assign������
	 coor-

dinatesto eachvertex d�e S . Floaterhasshown in [Flo97] that
verifying thefollowing two sufficient conditionsconstructsa map-
ping:

1. Theimageof theborderof thesurfacethrough q
in theparametric���A���
	 domainis a convex poly-
gon.

2. Eachinternalnodeis a convex combinationof its
neighbours.

Onemustkeepin mind that thesetwo conditionsaresufficient
andnot necessaryto definemappings.We show in Section4 how
thefirst onecanbereplacedby a lessrestrictivecondition.

More formally, the secondconditioncanbe written asfollows
(seeEquation1):



w�� e ST�=��J�!�t� �$� � � ���C	 \ qx� d 	 ;¢¡ (1)

where:9`£ ���C	 denotesthesetof nodesdirectlyconnectedto � , includ-
ing � .9 the � � ���C	 aregiven coefficientssuchthat:¤¥¥¥¦ ¥¥¥§ � � ���4	©¨ ¡ w dªe £ ���4	 � R«�JW� � ���C	¬; � ®-¯N°P± �^²�3³´ � � � ���4	Tµ;�¡)w�� e S

(2)

Onceboundarynodeshave beenmappedto a convex polygon
in parametricdomainspace,������
	 coordinatesmustbe assigned
to the internalnodesof the triangulation. Insteadof finding q by
directly solving Equation1 asdonein moreclassicalapproaches,
themethoddescribedin thisarticleconsistsof minimizingaglobal
criterion in a leastsquare sense, honoringat the sametime a set
of linear constraints,as will be shown in the next section. The
algorithmis basedon the DiscreteSmoothInterpolation (D.S.I.),
thatwedescribein [Mal89, Mal92]. Thereaderis referredto these
twoarticleswherethenotionsof generalizedroughness, linear con-
straints, andtheiterative D.S.I. algorithmintroducedfurtheron in
this documentaredescribedin depth. Thecriterionminimizedby
theD.S.I.methodis calledtheroughness¶ , andis definedin Equa-
tion 3 below:¶��5q+	+;=�� �.· �¸N�.¹ y-º {$» ¤¦ § ��J�!�t� ��� � � ���C	 \ q ¸ ���C	!¼ ½¾ �

(3)

The minimum of this functionnal is reached if¿ ¶��5q+	À ¿ q ¸ � d 	�;Á¡ for each d�e S andfor each Â e R«����CW ,
where Â denotesoneof the two componentsof q . This yields the
following equation:q ¸ � d 	 ; �8ÃAÄ �[�0Å Æ �Ç Ä �[� �

where:È ¸ � d a q+	�; � �.���[� � ¤¥¦ ¥§ � � ���C	 \}É ¯N°P± �^²Ê ³´ � � Ê ���4	 \ q ¸ ��Ëz	 ¼ ¥½¥¾Ì ¸ � d 	 ; �J�.���[� � RF� � ���4	�W �
(4)

Thefollowing algorithmcomputesiteratively theassignmentsof������
	 coefficientsminimizing the roughnessgiven in Equation3.
Wehaveprovenin Mallet[Mal89] thatit doesconvergeto aunique
solution,assoonasat leastonenode d hasits value qx� d 	 fixed,
andprovidedthat thechosen� � ���4	 coefficientshonorEquation2.
Laterin thisdocument,weshow how thismethodcanbeenhanced
usingD.S.I.constraints.

let Í bethesetof nodeswhere q is unknown
let qÏÎ ÐjÑ beagiveninitial approximatedsolution
while (moreiterationsareneeded)R

for all( dfe Í ) R
for all( Â e RF�����CW ) Rq ¸ � d 	xr ; �ÒÃ3Ä �[� �Ç Ä �[� �WWW

Wherethe � � ���4	 coefficientsareconcerned,severalchoicesare
available. Onepossiblechoicedescribedby Floater[Flo97]is re-
ferredto as the shapepreservingweighting,andensuresthat the
location of a vertex in parametricspacerelative to its neighbors
mimicsthelocalgeometryaroundthevertex beingconsidered.The
approachdescribedin this article is quitedifferent,asby separat-
ing thecriteriaminimizingthedistortionsfrom thosewhichensure
that a valid mappingis constructed,we canobtaina finer control
on theway thesurfaceis parametrized.For this reason,thesimple
harmonicweightingdefinedasfollows is usedfor the RF� � ���4	�W :� � ���C	Ï;}Ó Z

if dfe £ ���4	 � R«�JW�tÔ-Õ Ì-Ö Õ«Õ ���C	 if d ;��
where

Ô-Õ Ì-Ö Õ«Õ ���4	 denotesthe numberof neighborsof � . Clearly,
one of the previously mentionedmore sophisticatedweightings
suchas the shapepreservingor gaussianweightingscould have
beenusedinstead,sincethey bothsatisfyEquation2,but it is shown
in thenext sectionthatby usinglinearconstraints,thesameeffect
canbeobtainedwith higherflexibility.

3 NON-DISTORTED MAPPING

A B

Figure3: Isoparametriccurvesobtainedwithout (A) andwith (B)
non-distortionconstraints.

In this section,we definethecriterionto beminimizedin orderto
constructa non-distortedtexture mapping. In a nutshell,this cri-
terion preserves the perpendicularityand constantspacingof the
isoparametriccurvestracedon the surface,asshown in Figure3.
In otherwords, the gradientsof � and � shouldbe perpendicular
oneto anotherandconstantall over thesurface(see[Car76]). This
requiresdefiningthegradientof afunctioninterpolatedoveratrian-
gulatedmeshfrom theverticesof thetriangulation,definitiongiven
below. Thewaythealgorithmpresentedin theprevioussectioncan
bemodifiedto take into accountthiscriterionis thenexplained.

Data in Figure3 shows the effect of the constraintsdescribed
in this sectionasappliedwhile parametrizinga triangulatedmesh.



Theisoparametriccurvesobtainedwhenapplyingthealgorithmde-
scribed× in Section2 are shown in Figure 3-A, whereasthe con-
straintsdescribedfurtherongive theresultshown in Figure3-B.

3.1 Gradient of a Discrete Function � Interpolated
over a Triangulation Ø
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Figure 4: Local orthonormalbasis (X, Y) of a triangle |Ù;� d Ð � d @ � d � 	 .
As shown in Figure4, eachtriangle |n;Ú� d Ð � d @ � d � 	 of U can
be provided with a local orthonormalbasis ��gh� d Ð 	^��Ûo�jÜo	 . The
function q ¸Ý ��Þ<�ßX	 denotesthelinear interpolationof q ¸

over the
triangleT, whereÂ e R«����CW representsoneof thetwo components
of q andwhere(X, Y) arethelocal coordinatesin theorthonormal
basis��gx� d Ð 	^��ÛK�Üo	 of | .

In this basis,onecancheckthat the gradientof q ¸Ý is constant
over | and is a linear combinationof the valuesof q ¸Ý at the
threeverticesof the triangle | . Thesix coefficients àXá�� d � 	 andà�â?� d � 	 givenin Equation5 below aresolelydependenton thege-
ometryof thetriangle | .ã Æ Ääã á ; �� ´ Ð àXáX� d � 	 \ q ¸ � d � 	ã Æ Ääã â ; �� ´ Ð à�âå� d � 	 \ q ¸ � d � 	

where:

¤¥¥¥¥¥¥¥¥¥¥¥¥¦ ¥¥¥¥¥¥¥¥¥¥¥¥§
à á � d Ð 	b; ��æ @ � æ � 	À ÔàXáX� d @ 	b; ��æ � � æ Ð 	À Ôà á � d � 	b; ��æ Ð � æ @ 	À Ôà�âå� d Ð 	ç; ��è � � è @ 	À Ôà�âå� d @ 	ç; ��è Ð � è � 	À Ôà â � d � 	ç; ��è @ � è Ð 	À ÔÔ ;é��è @ � è Ð 	 \ ��æ � � æ Ð 	 � ��è � � è Ð 	 \ ��æ @ � æ Ð 	è � ; �,gh� d � 	 � gh� d Ð 		 \ Ûæ � ; �,gh� d�� 	 � gh� d Ð 		 \ Ü w-ê e RN¡-� Z �Vë�W

(5)

Using this definitionof thegradientof q , it is possibleto write
theequationscorrespondingto theorthogonalityandhomogeneous
spacingof theisoparametriccurves.Theorthogonalityof theiso-u
andiso-vcurvesin a triangle | is givenby:ì ¿ q yÝ¿ Þ ¿ q yÝ¿ ßîí \hïð ã Æ 6 äã áã Æ 6 äã âÙñò ; ¡ (6)

If we considerthat qzy is fixedandthat qz{ is to bedetermined,re-
placingin Equation6 thegradientof q { with its expressiongiven
in Equation5 yields the following equation,which linearly com-
binesthevaluesof q { at thethreevertices � d Ð � d @ � d ë�	 of | . The
equationto be usedwhen q y is interpolatedcan be obtainedby
exchanging� and � in Equation7.�� �.¹ Ð º @ º � »+ó q { � d0� 	 \Cô ¿ q yÝ¿ Þ \ à á � d�� 	 � ¿ q yÝ¿ ß \ à â � d�� 	jõåö ; ¡

(7)
Theremainingconditionon q concernsthehomogeneousspac-

ing of the isoparametriccurves. In otherwords,thegradientmust
notvary from onetriangleto another. This requiresthatacommon
basisfor two adjacenttriangles | and ÷| be defined,asshown in
Figure5. Thesameexpressionsasintroducedin Figure4 areused.
The vector Û is sharedby the two bases,and ÷Ü is suchthat Ü
and ÷Ü would becomecolinearif the pair of triangles ��|�� ÷|ø	 was
unfoldedalongtheircommonedge

Y d Ð � d @ _ .
Y X

Y
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Figure5: Constantgradientacrossthecommonedgeof two trian-
gles | and ÷| .

Thehomogeneousspacingof theisoparametriccurvesis verified
if, andonly if, for eachedgeof U theequationbelow is verified:¤¥¥¦ ¥¥§ ¿ q yÝ¿ Þ ; ¿ qzy ùÝ¿ Þ ú ¿ q yÝ¿ ß ; � ¿ qzy ùÝ¿ ÷ß¿ q {Ý¿ Þ ; ¿ q { ùÝ¿ Þ ú ¿ q {Ý¿ ß ; � ¿ q { ùÝ¿ ÷ß (8)

By replacingin Equation8 the gradientsof q y and q { by their
expressionsin | and ÷| , the following four linear equationsare
obtained(seeEquation9), concerningthetwo componentsÞ andß of thegradientsof q y and q { . Theterm û«ü takesinto account
thefactthat Ü and ÷Ü point in anoppositedirection.w0Â e R«�����CW!�w�ý e R«Þ<��ßþW.�

q ¸ � d Ð 	 \Nÿ à ü � d Ð 	 � û ü \ ÷à ü � d Ð 	�� �q ¸ � d @ 	 \Nÿ à�ü�� d @ 	 � û«ü \ ÷à�ü�� d @ 	�� �q ¸ � d � 	 \ Rkà ü � d � 	�W �q ¸ � ÷d � 	 \Nÿ û ü \ ÷à ü � ÷d � 	�� ; ¡
where û ü ;}Ó �cZ

if ý ;`Þ� Z
if ý ;`ß

(9)



3.2 Honoring Linear Constraints

We have shown in Section2 how D.S.I. canbe usedto construct
a mappingof a triangulatedmesh. What we want to do now is
to take into accountthe two criteria minimizing the distortionsof
themapping,namelytheperpendicularityandhomogeneitycriteria
previously introduced.Thesetwo criteriacanbewrittenasa setof
linearequations.As it is not possibleto honortheseconstraintsfor
a non-developablesurface,they will berespectedin a leastsquare
sense, thusminimizingthedistortions.Thegeneralform of sucha
constraintis givenin Equation10below:��J�!· R���� Ä � d 	 \ q ¸ � d 	�W ; ��� Ä (10)

wherethevalues� � Ä � d 	 andthescalar� � Ä areconstantgiven co-
efficientsdefiningtheconstraint� .

Equation7, correspondingto theperpendicularityof theisopara-
metric curves in the triangle | ; � d Ð � d @ � d � 	 , yields two con-
straints � y	 and � {	 to be honoredwhen interpolating q y and q {
respectively. Theexpressionof � {	 is givenbelow in Equation11.
The expressionof the twin constraint� y	 canbe obtainedby per-
muting � and � in thisequation.w-ê e RN¡-� Z �Vë�W.�� � 6
 � d � 	�; ã Æ 2 äã á \ àXá�� d � 	 � ã Æ 2 äã â \ à�â?� d � 	w d Àe R d Ð � d @ � d � W!�� � 6
 � d 	 ; ¡� � 6
 ; ¡

(11)

The homogeneitycriterion specifiedby Equation9 canbe ex-
pressedby the following four constraints� y��� , � y�� , � {��� and � {��
yieldedby Equation12below, to betakeninto accountateachedge� ;é� d Ð � d @ 	 of thetriangulation

Q
. Theverticesd � and ÷d � denote

thetwo remainingverticesof thetwo triangles| and ÷| sharingthe
edge

�
.� � Ä��� � d Ð 	b; ÿ à ü � d Ð 	 � û ü \ ÷à ü � d Ð 	��� � Ä��� � d @ 	b; ÿ à ü � d @ 	 � û ü \ ÷à ü � d @ 	��� � Ä �� � d � 	b; à ü � d � 	� � Ä �� � ÷d � 	b; û ü \ ÷à ü � ÷d � 	� � Ä �� � d 	 ; ¡ w d Àe R d Ð � d @ � d � � ÷d � W� � Ä �� ; ¡

where:Â e RF�����CW ú ý e R«Þ<�ßþW ú û«üî; ó ��� if � /��� � if � /��
(12)

TheroughnesscriterionwhichD.S.I.minimizescanbegeneral-
izedin orderto honora set � of linearconstraintsin a leastsquare
sense.In ourcase,theset � of constraintsis givenby Equation13,
where� denotesthesetof theedgesof thetriangulation

Q ��ST��U�	 .

� ;��! 	 �#" R���y	 �$��{	 W&%(')�* � �#+ R&� y��� �$� y�� �$� {,�� �$� {�� W�%
(13)

The generalized roughness¶ � �5q+	 , taking into accountthe de-
greeof violation of theconstraints� , is given by Equation14 be-
low. In additionto theequationof theroughnessgivenin Section3
(Equation3), several termscorrespondto the linearconstraints,as
describedfurtheron:¶ � �5q+	P;=¶X�5q+	 �- \
� ��.0/ � \ �*1 ¸N�.¹ y.º {F» �J�.· � ¸� � d 	 \ q ¸ � d 	32 � �4�65 �

(14)

In Equation14, the term ¶��5q+	 is the roughness(seeEquation
3), and the secondterm representsthe degreeof violation of the
linear constraints. Each constraint � is ponderatedby a given/ �H¨`¡ coefficient, allowing to tunetherelative importanceof the
constraints.For instance,it is possibleto makethemappingrespect
theperpendicularityratherthanthehomogeneity. Moreover, since
eachtriangleT andedge

�
hasan individual constraintdefined,

aswell asan individual associated/ � coefficient, it is possibleto
selectthesurfacezoneswherethedistortionsareto beminimized
in orderof preference.The remainingcoefficient

- e _ ¡-� �87 Y
is

a given parametercalled the fitting factor and representingthe
importanceof theconstraintsrelative to theroughness.

Thefunctionnal ¶ � �5q+	 is a quadraticform, whoseminimumis
reachedif

¿ ¶ � �5q+	À ¿ q ¸ � d 	x; ¡ for eachÂ e RF�����CW andfor eachd e S . This yields the following equation,which solutionmini-
mizes¶ � �5q+	 :q ¸ � d 	P; � È ¸ � d a - 	 � � - \ / 	 \ 9 ¸ � d a q+	Ì ¸ � d 	 � � - \ / 	 \ : ¸ � d 	 (15)

9 ¸ � d a q+	b; � ��. / � \ 9 ¸� � d a q+	: ¸ � d 	 ; � ��.0/ � \ : ¸� � d 	 (16)

with:¤¥¦ ¥§ : ¸� � d 	 ; �;� ¸� � d 	�9 ¸� � d a q+	v; � ¸� � d 	 \ Ó Ê ³´ � � ¸� ��Ë+	 \ q ¸ ��Ëz	 � � �=< (17)

The orthogonality constraint suggestsa modification in the
iterative D.S.I. algorithm. The two internal loops iterating on
the componentsof q and on the nodesof S respectively have
been inverted. At each iteration, q y is interpolatedwhile q {
is consideredto be constant,then the roles of qzy and qz{ are
permuted. The resulting algorithm given below assigns ������
	
coordinatesto theverticesof thetriangulationwhile respectingthe
specifiedsetof constraints.



let Í bethesetof nodeswhereq is unknown
let qÏÎ ÐjÑ beagiveninitial approximatedsolution
while (moreiterationsareneeded)R

for all( Â e R«����CW ) R
for all( dªe Í ) Rq ¸ � d 	xr ; ��Ã3Ä �[� �?>A@ Ä �[�0Å B �Ç Ä �[� �C>ED Ä �[� �WWW

4 LOCALLY CONSTRAINING A MAPPING

Theconstraintsdefinedsofar in this paperprovide theuserwith a
global controlon themappingfunction. Even if theorthogonality
andperpendicularityconstraintscanbe weightedlocally to spec-
ify thezoneswheredistortionsarepreferablyto beminimized,this
maybenot sufficient for someapplications,wherea moreprecise
setof local constraintsis required.For instance,it maybe neces-
saryto alignsomedetailsof textureswith detailsof models,which
canbeachievedby specifyingisoparametriccurves.Moreover, the
model to be texture mappedcan presentcuts, and the usermay
want do definea singlemappingfunction for a cut modelinstead
of sewing togetherseveral patches.This requirementcanbe ful-
filled by makingthemappingcontinuousthroughcutsasdescribed
furtheron.

4.1 Specifying an Isoparametric Curve

As shown in Figure6, we considerthat we have a given polygo-
nal curve F¢;~RFg Ð � \$\$\ �gHG'W associatedwith a givenvalue � Ð of
the parameter� . We describeherethe constraintsto be honored
for makingtheisoparametricof themappingdefinedby ���o;é� Ð 	
correspondto theprojectionof F on thesurface � . Eachpoint g i
of F yields a constraint��I � ensuringthat the isoparametriccurve�8;`� Ð of themappingq passesneartheprojectiongKJ i of g i on � .
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Figure6: Aligning detailsof thetextureto detailsof themodelby
specifyinganisoparametriccurve.

Thetriangle |Ò;�� d Ð � d @ � d � 	 is thetriangleof � thatcontainsgKJ i , and � � Ð � � @ � � � 	 arethebarycentriccoordinatesof gKJ i in | . The
linearrelationto behonoredis givenin Equation18below.

� �.¹ Ð º @ º � » � � \ q y � d � 	Ï;`� Ð
where:

¤¥¥¦ ¥¥§ � �.¹ Ð º @ º � » � � \ gh� d � 	P;�g0J i� �.¹ Ð º @ º � » � � ; Z (18)

Equation19 below givestheexpressionof theconstraint��I � in
the form of Equation10 in Section2. Sucha constraintperpointg i is addedto theset � to behonoredby D.S.I., introducedin the
previoussection.¤¥¥¥¥¦ ¥¥¥¥§ � �ML � � d0� 	�; � � w-ê e RN¡-� Z �Vë�W�N� L � � d 	 ; ¡ w d Àe R d Ð � d @ � d � W�4� L � ; � Ð (19)
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Figure7: Extrapolatingamappingfromfour userspecifiedisopara-
metriccurves.

Remark:

As mentionedin Section2, thetwo following sufficient conditions
ensurethatadiscretefunction q definesamapping:

1. Theimageof theborderof thesurfacethrough q
in theparametric���A���
	 domainis a convex poly-
gon.

2. Eachinternalnodeis a convex combinationof its
neighbors.

Introducingtheconstraintsto ensurethat the isoparametriccurves
areorthogonal,with homogeneousspacingmeansthe first condi-
tion canbereplacedby a lessrestrictive one. As shown in Figure
7, it is thensufficient to specifyfour arcsof isoparametriccurvesR«� @ �� � �� @ �� � W usingthe constraintpreviously introduced.Thus,
by enablingusto usethealgorithmnot only asan interpolator, but
alsoasanextrapolator, it is possibleto constructmappingsfor sur-
faceshaving complex shapedbordersby leaving q unspecifiedon
theborder.



4.2 Constructing a Mapping for a Cut Surface

Let usnow considerthatthesurfacehascuts,andthatwe wantthe
mappingfunction � to becontinuousthroughthesecuts.Insteadof
usingseveraldistinctpatchesandmakingtheedgesof thepatches
matchasdescribedin [Blo85], the surfaceis consideredhereasa
singlepatch(asit wasbeforebeingcut),assuggestedin [CEM97].
The setof constraintsdescribedbelow allows us to assign �������
	
coordinatesto the verticesof the triangulationin sucha way that
the two bordersof a cut are mappedto the samecurve by the
interpolated� mappingfunction. In otherwords,thecutsaresewn
in ������
	 domainspace.
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Figure8: Connectingtwo bordersof acut in texturespace.

As shown in Figure8, twin setof points R&O i � m ;~¡ \$\$\�P W andR ÷O3ij� m ;~¡ \�\$\$P W aresampledon the twin bordersof the cut. We
describenow how to make themappingmatchateachpair �;O i � ÷OAQ�	
of points. More precisely, we want to respectthefollowing condi-
tions: w�Â e R«�����CW � Z 	�q ¸Ý �;O i 	 ; q ¸ ùÝ � ÷O i 	�5ë�	SRUT�VUWPq ¸Ý ; RXT&VXWPq ¸ ùÝ (20)

where Y and ÷Y denotethe trianglescontainingO3i and ÷OAi respec-
tively. ThegradientRXT&VXWPq ¸Ý is computedasdescribedin Section
3 (seeEquation5), usingthebasisshown in Figure4.

Using the methodsintroducedin the previous two sections,it
is easyto translatethesetwo conditionsinto theD.S.I. constraints� ¸Z � º ùZ � and � ¸ �Z � º ùZ � , given below in the equations21 and22 respec-
tively.� � Ä[ �$\�][ � � d � 	�; � � w
ê e RN¡-� Z W� � Ä[ �$\�][ � � ÷d � 	�; � ÷� � w
ê e RN¡-� Z W� � Ä[ � \�][ � � d � 	�; ¡ w d Àe R d Ð � d @ � ÷d Ð � ÷d @ W�4� Ä[ � \ ][ � � d�� 	 ; ¡ (21)

where
� � º � �.¹ Ð º @ » and ÷� � º � �.¹ Ð º @ » denotethebarycentriccoordinates

of OAi in
Y gh� d Ð 	^�gx� d @ 	 _ and ÷OAi in

Y gh� ÷d Ð 	^�gx� ÷d @ 	 _ respectively.

The four constraints� y��Z � º ùZ � , � y�Z � º ùZ � , � {��Z � º ùZ � , and � {,Z � º ùZ � yielded
by Equation22 below ensurea constantgradientof the mapping
throughthe cut. In otherwords,an isoparametriccurve pointsin
thesamedirectionin thetwo correspondingtriangles| and ÷| .

� � Ä �[ �$\,][ � � d � 	�; à � w
ê e R«¡
� Z �Vë!W� � Ä �[ � \,][ � � ÷d � 	�; û ü \ ÷à � w
ê e R«¡
� Z �Vë!W� � Ä �[ �$\,][ � � d 	 ; ¡ w d Àe R d Ð � d @ � d � � ÷d Ð � ÷d @ � ÷d � W� � Ä��[ � \,][ � � d 	 ; ¡
where:Â e R«�����CW ú ý e RFÞ<��ß�W ú û ü ; ó �H� if � /��� � if � /��

(22)

5 RESULTS AND APPLICATIONS

One can seein Figure 9 the resultsof the methodapplied to a
triangulatedmeshrepresentinga face(seeFigure9-A). Theeffect
of the orthogonalityandhomogeneityconstraintscanbe brought
to the fore by comparingFigure 9-B (no constraintused)and
Figure 9-E (orthogonality and homogeneityenforced), where
a checker pattern is mappedto the mesh. The isoparametric
curves correspondingto this latter imageare displayedin Figure
9-D, whereonecancheckthat the iso-u curvesshown in red are
perpendicularto the iso-v shown in blue. In Figure9-C, thesame
non-distortingmappingfunctionis usedwith a fanciertexture.For
all thesepictures, the constraintsensuringthe continuity of the
mappingthroughcuts have beenspecifiedat the mouth and the
eyesof the model. This modelhas ^k¡�¡�¡ triangles,andhasbeen
parametrizedafter 100 iterationsin approximatively one minute
usinganR4000machine.

As with any other texture mappingmethod,or moreprecisely
aswith any parametrizationalgorithm,our techniquesmaybe ap-
pliedto problemsotherthanthoseassociatedwith texturemapping.
In the realm of geosciences,several different methodsbasedon
our techniquehave beenimplementedinto a widely usedgeology
orientedC.A.D. software. Amongall thepossibleapplications,to
namebut a few:9 Unfoldingsurfacesrepresentingtheboundariesof geological

layerswhile preservingthevolumeof thelayers;9 Generatinggridssuitablefor finite elementsanalysis;9 Beautifyingtriangulatedmeshesby remeshingin ������
	 do-
mainspace.9 ConstructingSplinesurfacesfrom triangulatedmeshes;9 Performingcomputationssuchasgeostatisticalsimulationsin������
	 domainspace.

Not only do theseapplicationsrequire that mappingspresent
non-distortingproperties,which is fulfilled by our method,but
in addition, theseapplicationswill benefitfrom the ability of our
methodto take into accountadditional information expressedin
theform of linearconstraints.

Themethodappliedto geologicaldatais demonstratedin Figure
10. In Figure10-A,onecanseeamappingof acomplex cutsurface,
correspondingto aboundaryof ageologicallayerpresentingfaults.
In Figure10-B, the isoparametriccurves of the mappingaredis-
played,andonecanseethatthemappingis continuousthroughthe



cutsof thesurface. In Figure10-(C,D,E),a surfacerepresentinga
dome× of saltis parametrized.For thiskind of surfaceswhicharefar
from developable,distortionswill still remain,andonecanchoose
a compromisebetweenthe orthogonalityandthe homogeneityof
the mappingby tuning the weightings / � of the two constraints.
In Figure10-C,theorthogonalityis respected,but thesizesof the
squaresdiffer in a greatdeal,whereasin Figure10-E the squares
have approximatively thesamesizewhile theisoparametriccurves
arefarfrom orthogonal.An averagesolutionis shown in Figure10-
D, wherethesameweightinghasbeenusedfor thetwo constraints.
Onecanseein Figure10-Fa mappedsurfacewith an isoparamet-
ric curve specified.As shown in Figure10-G,thetexturehasbeen
alignedto thiscurve.

CONCLUSIONS

We have presentedin this papernew techniquesfor non-distorted
mapping. In addition to the other methodsbasedon global
minimization of distortions, our method can easily take into
accountvarious additional information. It is thus possible to
specifythe zoneswheredistortionsshouldbe minimizedin order
of preference,to make a setof isoparametricpassesthroughuser
specifiedcurves,andto sew thecutsof a surfacein texturespace.
Moreover, it is very easyto extend the methodby defining new
constraints,oncetheseconstraintscan be expressedas linear (or
linearizable)relations.

The method can be easily implemented,since it does only
requirean efficient representationof triangulatedmeshes,which
is provided by most C.A.D. packages.Thus, the algorithm has
beenintegratedas a basicalgorithm into a widely usedC.A.D.
software dedicatedto geology, and several methodsother than
these associatedwith texture mapping have been developped
basedon this algorithm,suchas unfolding geologicallayersand
performingcomputationsin texturespace.

Oneof the limitationsof the techniqueis that it canbeapplied
to planargraphsonly, i.e. to surfacestopologicallyequivalentto a
disk. A generalizationof the methodworking on arbitrarytopol-
ogy could be realized,by dividing the surfaceinto (topological)
disksusinga Voronoibasedapproach,asproposedin [ERDH95].
A methodsuchastheonedescrinedin [Tur91] couldbealsoused
to choosethe sitesof the Voronoi diagram.A constraintensuring
thecontinuityof thegradientfrom onedomainto anothercouldbe
added(seeEquation22), thusblurring the limits of the basetri-
anglesthatappearwhendirectly applyingthemethoddescribedin
[ERDH95]. The interactivity of the tool could alsobe improved
by speedingup the algorithm,usinga conjugategradientmethod.
This latter improvementtogetherwith a largesetof possiblelocal
constraintscould have an importantimpacton 3D paint systems.
Futureresearchalsocomprisetheextensionof themethodto tetra-
hedralizedmeshes,enablingto assign ���A��J��_H	 coordinatesto the
verticesof tetrahedralizations.
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