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Abstract

This article introducesnen techniguesfor non-distortedtexture
mappingon compl« triangulatedneshesTexture coordinatesre
assignedo theverticesof thetriangulationby usinganiterative op-
timizationalgorithm,honoringa setof constraintaninimizing the
distortions. As comparedo otherglobal optimizationtechniques,
our methodallows the userto specifythe surfacezoneswheredis-
tortionsshouldbe minimizedin orderof preference The modular
approachdescribedn this paperesultsin ahighly flexible method,
facilitating a customizednappingconstruction.For instancejt is
easyto align the texture on the surfacewith a setof userdefined
isoparametriccurves. Moreover, the mappingcan be madecon-
tinuousthroughcuts, allowing to parametrizeén one go comple
cut surfaces. It is easyto specify other constraintdo be honored
by the so-constructedhappingsassoonasthey canbe expressed
by linear (or linearizable)relations. This methodhasbeeninte-
gratedsuccessfullwvithin awidely usedC.A.D. softwarededicated
to geosciencesln this contet, applicationsof the methodcom-
prise numericalcomputationof physicalpropertiesstoredin fine
gridswithin texturespacepunfoldinggeologicalayersandgenerat-
ing gridsthataresuitablefor finite elementanalysis Theimpactof
themethodcouldbealsoimportantfor 3D paintsystems.

CR Categories: 1.3.3[ComputerGraphics]Picture/Imagesen-
eration; 1.3.5 [ComputerGraphics]: Three-DimenstionaGraphics
andRealism—Colorshadingshadaving andtexture;1.4.3[Image
processing]Enhancement—Geometi@orrection,Texture

Keywords:  Non Distorted Texture Mapping, Parametrization,
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1 INTRODUCTION

Texture mappingis widely usedto improve the visual richnessof
3D surfacesin computergeneratedmages.Each3D surfaceis put
in correspondencwith a planarimagethrougha function called
amapping Sucha mappingassignsa pair of coordinatequ, v)
referringto a pixel of the planarimageto eachpoint of a surface.
Thus, for instance the latitude and longitude can definea trivial
mappingof a sphere. This techniquewas introducedby Catmull
in [Cat74, andfirst appliedto bicubic patchesusing a recursve
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subdvision algorithm.Unfortunatelythesemethodsftenproduce
highly distortedtexturesin theresultingimages.

First attemptsto minimize these distortions were made in
[Pea85]andin [BS86] by separatinghe processinto two steps.
Thetexture patternis first appliedto a simpleintermediatesurface
suchasa box or a cylinder for which texture mappingis trivial.
Then, this intermediatesurfaceis projectedon the target object.
Thechoiceof theintermediatesurfaceits orientationtogethemith
theprojectionmethoddramaticallyaffecttheresultsandgreatdeal
of userinteractionis thereforerequired.

Anotherideais to considerthat assigningtexture coordinates
to ary surfaceis equialentto flatteningit. Sucha technique
is describedin [SMSW84. The idea consistsin unfolding a
polygonalsurfacefrom a userselectedseed. A similar ideahas
beendevelopedin [BVI91]. This lattermethodmeansa parametric
surfacemay be unfoldedby allowing cutsto appeawon themapped
texture when the discrepang of the geodesiccunature goes
beyondagiventhreshold.

Minimizing the distortions induced by texture mapping can
be also realized using optimization techniques. In the method
proposedn [ML88], a mappingof ary surfaceis constructecy
startingfrom a grid of points sampledon the surface. The grid
is then iteratively optimized by minimizing a global distortion
criterion. Krishnamurthyproposesn [KL96] a similar approach
for corverting a triangulatedmeshinto a setof B-Splinesurfaces.
It is also possibleto constructa mappingby assigning(u, v)
coordinatego the verticesof the mesh. This naturallyleadsto the
useof harmonicmaps,as describedn [ERDH95]. This method
consistsn minimizingametricdispesioncriterion. Unfortunately
this doesnot alwayspresere anglesaccurately Anotherapproach
is introducedin [Flo97], generalizingthe barycentric mapping
methodintroducedin [Tut60]. The (u, v) texture coordinatesare
foundto bethesolutionof alinearsystemwhereeach(u, v) point
is a corvex combinationof its neighbors.Floater[Flo97]proposes
away of choosingthe coeficientsof thesecorvex combinationgo
mimic the chordlength parametrizatiorfor curves. Theseglobal
methodgive goodresultsfor mostsurfacesput suffer from several
limitations whenappliedto comple surfaces. For thesekinds of
methods,sincethe criterion to be minimizedis hardwiredin the
optimization algorithm, it is often difficult to take into account
userdefinedinformation. For instance,as most surfacesare not
developabledistortionswill still remain,andthe usermaywantto
specifythedistribution of thesedistortions.

This article proposesa nev global optimizationmethod. As
comparedto other similar techniquesthe methodis basedon a
modularapproactenablingthe way the mappingis constructedo
be customized For instancejt is possibleto tunethe perpendicu-
larity and homogeneouspacingof isoparametriccurves all over
the surface, thus specifying the surface zoneswhere distortions
shouldbe minimizedin orderof preference.lt is alsopossibleto
malke the mappingrespecta set of user specifiedisoparametric



cunes. Moreover, the mappingcan be madecontinuousthrough
cuts, henceallowing the mappingof a texture on a complex cut
surfacein onego. The methodcan be extendedeasily to honor
other kind of linear constraints. All theseconstraintsallow the
method to take into accountuser specified information while
beeing much more automatic than other interactve mapping
methods[Ped95 LM94, MYV93], where the parametrizationis
partially or completelydefinedby theuser

The first sectionof the papersummarizeshe notionsinvolved
in texture mappingon triangulatedneshesandshavs hov a map-
ping canbe constructedising aniterative optimizationalgorithm.
In Section2, the criteriato be metin constructinga non-distorting
mappingare introduced. Thesecriteria are expresseds a set of
linear constraintsn Section3, wherethe algorithmpreviously in-
troduceds modifiedin orderto honorthem. This resultsin agen-
eralalgorithmthatcanbe extendedeasilyto take into accountuser
specifiednformation,asshavn in Section4. In this latter section,
we shav how to respectuserspecifiedisoparametricurves, and
how to make mappingsontinuoughroughcuts. Sections presents
someapplicationsandresults. Thepaperconcludesvith somesug-
gestiondor future developments.

2 PARAMETRIZING A TRIANGULATION

In this section,the notion of mappingfunction definedon a trian-
gulatedmeshis recalled,anda nev methodfor constructingsuch
mappingfunctionsis describedbasedon aniterative optimization
algorithm.How thesemappingscanbe optimizedin orderto mini-
mizethedistortionsis thenexplainedin Section3.

2.1 Mapping Function & and Discrete Mapping ¢

~ ) ¥

R® R?

Figurel: Mapping® from asurfaceS of R® to D c R

As shawn in Figurel, givenanopensurfaceS of R®, amapping®
is a one-to-ondransformthat mapsthe surfaceS to a subsetD of
R

@"(w,y,z)
(z,y,2) €S — &(z,y,2) =
¢‘u(z’ y7z)

Regardinga mapping thefollowing definitionscanbegiven:
e D is calledtheparametric(u, v) domain

e As d is, by definition,aone-to-ondunction,it hasaninverse
functionx = ®~!, calleda parametrizatiorof the surface:

z(u, v)

(u,v)
(u,v) €D —  x(u,v) = {>_1(u, v) = [ y(u,v) ]

If a surfacehasa parametrizationx defined,the inverse® =
x~ ! of this parametrizatiomaturallyprovidesa mappingfunction.
Catmullappliedthistechniqueo cubicsplinesin [Cat74, in which
arecursve subdvision schemds describedmakingit possibleto
avoid inverting of the parametrizatiomlirectly.

U,Y)

S Parametric domain [0,1] x [0,1]

Figure2: Mappingfunction® interpolatecbver atriangle.

In whatfollows, the surfaceS is provided with a triangulation
G = {Q, T}, whereQ is the setof the verticesof thetriangulation,
and 7 the set of the trianglesof G, definedas vertex triplets.
For the sale of simplicity, Q will be identifiedwith the intenal
[1...M] of integers,where M = |Q| denotesthe numberof
verticesof the triangulation. The geometriclocation at a vertex
a € Qis denotedp(c) in whatfollows.

For this kind of surface, it is naturalto definethe value of ®
at the vertices2 of the triangulationg. This informationcanbe
storedas a setof (u;,v;) values,wherel < 7 < M. How to
choosethese(u;, v;) valuesis explainedin Sectiond. This defines
a discretefunctionp : Q — R? suchthatVa; € Q, ¢(a;) =
{o" (i), ¢’ (i)} = (us,v;). As shavn in Figure2, a mapping
function® canbethendefinedasthelinearinterpolationof ¢ over
eachtriangleT = («s, o, ) of 7. For eachpointp in T, ® is
givenby:

®(p) = (I=A—p) p(ou)
+ A e(a;)
+ 7 p(an)
where:
e ) andyp arethelocal barycentriaccoordinatestthe pointp in
T

® p(ai) = (ui,vi) , (o) = (uj,v;) , elar)= (ur,vr)

2.2 Discrete Smooth Interpolation

Givenatriangulationg = {Q, 7'}, we wantto assign(u, v) COOF
dinatesto eachvertex a € Q. Floaterhasshavn in [FIo97] that
verifying the following two sufficient conditionsconstructsa map-
ping:

1. Theimageof the borderof the surfacethroughy
in the parametridu, v) domainis a cornvex poly-
gon.

2. Eachinternalnodeis a corvex combinationof its
neighbours.

Onemustkeepin mind thatthesetwo conditionsare sufficient
andnot necessaryo definemappings.We shav in Section4 how
thefirst onecanbereplacedy alessrestrictive condition.

More formally, the secondcondition canbe written asfollows
(seeEquationl):



vk € Q, Z v*(k).p(a) = 0 (1)

a€N (k)

where:

e N (k) denoteshesetof nodedirectly connectedo &, includ-
ing k.

o thev®(k) aregiven coeficientssuchthat:

v¥(k) > 0 Va € N(k) — {k}
o"(k) = — Y v*(k)#0 VkeQ
et

@)

Onceboundarynodeshave beenmappedto a convex polygon
in parametricdomainspace,(u, v) coordinatesnustbe assigned
to the internalnodesof the triangulation. Insteadof finding ¢ by
directly solving Equation1 asdonein moreclassicalapproaches,
themethoddescribedn this article consistsof minimizing a global
criterionin a leastsquae sensehonoringat the sametime a set
of linear constraints,as will be shavn in the next section. The
algorithmis basedon the Discrete Smoothinterpolation (D.S.1.),
thatwe describein [Mal89, Mal92]. Thereadeiis referredto these
two articleswherethenotionsof genealizedroughnesdinear con-
straints andtheiterative D.S.I. algorithmintroducedfurtheronin
this documentaredescribedn depth. The criterion minimizedby
theD.S.l.methods calledtheroughness, andis definedin Equa-
tion 3 below:

Rp)=>_ >

keQ  ve{u,v}

2

D (k)" (k) 3)

a€N (k)

The minimum of this functionnal is reached if
OR(p)/0¢" (a) = 0 for eacha € Q andfor eachv € {u,v},
wherev denotene of thetwo component®f ¢. This yieldsthe
following equation:

¢ () = 55

where:

G'(alp) = v (k). Y 0P (k).¢"(B)
kEN(a) BEN (k)

9" (a) = X {®Y
a€N(a)

(4)

Thefollowing algorithmcomputesteratively theassignmentef
(u, v) coeficientsminimizing the roughnesgivenin Equation3.
We have provenin Mallet[Mal89] thatit doesconvergeto aunique
solution,assoonasat leastone nodea hasits value ¢(«) fixed,
andprovidedthatthe chosenv® (k) coeficientshonorEquation2.
Laterin this documentwe shaw how this methodcanbeenhanced
usingD.S.I. constraints.

let I bethesetof nodeswherey is unknavn
let o) beagiveninitial approximatedolution
while (moreiterationsareneeded)
forall(aeI){
forall(v € {u,v}) {

v(g) = — G
(@) =~ goia)
}
}

}

Wherethev* (k) coeficientsareconcernedsereral choicesare
available. One possiblechoicedescribedoy Floater[Flo97]is re-
ferredto asthe shapepreservingweighting, and ensureghat the
location of a vertex in parametricspacerelative to its neighbors
mimicsthelocalgeometryaroundthevertex beingconsideredThe
approachdescribedn this article is quite different,asby separat-
ing the criteriaminimizing the distortionsfrom thosewhich ensure
thata valid mappingis constructedwe canobtaina finer control
ontheway the surfaceis parametrizedFor this reasonthe simple
harmonicweightingdefinedasfollowsiis usedfor the {v® (k)}:

P 1 if a€eN(k)—{k

vt (k) = { —degree(k) if a=k (0= 1
wheredegree(k) denoteghe numberof neighborsof k. Clearly,
one of the previously mentionedmore sophisticatedveightings
suchas the shapepreservingor gaussianweightingscould have
beerusednsteadsincethey bothsatisfyEquation2, butit is shavn
in the next sectionthatby usinglinear constraintsthe sameeffect
canbeobtainedwith higherflexibility .

3 NON-DISTORTED MAPPING

Figure3: Isoparametricurves obtainedwithout (A) andwith (B)
non-distortionconstraints.

In this section,we definethe criterionto be minimizedin orderto
constructa non-distortedexture mapping. In a nutshell,this cri-
terion preseres the perpendicularityand constantspacingof the
isoparametricurvestracedon the surface,asshavn in Figure 3.
In otherwords, the gradientsof « andv shouldbe perpendicular
oneto anotherandconstangll over thesurface(see[Car76). This
requiregefiningthegradientof afunctioninterpolatedveratrian-
gulatedmeshfrom theverticesof thetriangulation definitiongiven
belon. Theway thealgorithmpresentedhn the previoussectioncan
bemodifiedto take into accounthis criterionis thenexplained.
Datain Figure 3 shavs the effect of the constraintsdescribed
in this sectionasappliedwhile parametrizinga triangulatedmesh.




Theisoparametricurvesobtainedvhenapplyingthealgorithmde-
scribedin Section2 are shawn in Figure 3-A, whereasthe con-
straintsdescribedurtheron give theresultshavn in Figure3-B.

3.1 Gradient of a Discrete Function ¢ Interpolated
over a Triangulation G

N % 5 ) - p
Y _ _P(%) - P(%)
[ Pee - Peao)
a
0 X _ X x{P(g, )- P(% )}
[ X <4, )= P} |
Y = NxX
a
1

Figure 4: Local orthonormalbasis (X, Y) of a triangle T =
(ao, a, az).

As shawn in Figure4, eachtriangleT = (o, a1, a2) of 7 can

be provided with a local orthonormalbasis(p(ao), X,Y). The

function % (X, Y') denoteghelinearinterpolationof ¢* over the

triangleT, wherev € {u, v} representsneof thetwo components
of ¢ andwhere(X, Y) arethelocal coordinatesn the orthonormal
basis(p(ao), X,Y) of T.

In this basis,one cancheckthatthe gradientof % is constant
over T andis a linear combinationof the valuesof ¢7. at the
threeverticesof thetriangleT. The six coeficients Dx («;) and
Dy (« ) givenin Equation5 belav aresolelydependentnthege-
ometryof thetriangleT.

%5 =3 Dx(ag)¢” (o)
j=0
Aol 2
i E:ODY(O‘J) ©" (a5)
( Dx(aw) = (y1—y2)/d
Dx(o1) = (y2—wo)/d
Dx(a2) = (yo—wy1)/d
Dy(ao) = (z2—=1)/d
Dy(a1) = (wo—m2)/d
whereX Dy(a2) = (x1—=z0)/d

d = (1 — 20)-(y2 — yo) — (x2 — 20)-(y1 — Yo)

(p(aj) — p(a0)) - X
(p(aj) —p(@)).Y

8
.S,
I

vj € {0,1,2}
(5)

Using this definition of the gradientof ¢, it is possibleto write
theequationsorrespondingo theorthogonalityandhomogeneous
spacingof theisoparametricurves. Theorthogonalityof theiso-u
andiso-v curwesin atriangleT is givenby:

0 0 e
oTr et X
=T ) = 6
[ X ay ] ou3, 0 ©)

oY

If we considerthat® is fixedandthat” is to bedeterminedre-
placingin Equation6 the gradientof ¢” with its expressiongiven
in Equation5 yields the following equationwhich linearly com-
binesthevaluesof ¢* atthethreevertices(ao, a1, a2) of T. The
equationto be usedwhen ¢ is interpolatedcan be obtainedby
exchangingu andv in Equation?.
v Oy Ot
> et @) (S5 -Dxlan + FEEDr(@)} = 0
j€{0,1,2}
Q)

Theremainingconditionon ¢ concernghe homogeneouspac-
ing of theisoparametricurwes. In otherwords,the gradientmust
notvary from onetriangleto another This requireshata common
basisfor two adjacentrianglesT and T be defined,asshavn in
Figure5. The sameexpressionsasintroducedn Figure4 areused.
The vector X is sharedby the two basesandY is suchthat’Y
and’Y would becomecolinearif the pair of triangles(T, ’i‘) was
unfoldedalongtheir commonedge|ao, a1].

QO
/

B
\ 2
p V T

Figure5: Constangradientacrosghe commonedgeof two trian-
glesT andT.

Thehomogeneouspacingf theisoparametricurvesis verified
if, andonly if, for eachedgeof 7" theequatiorbelaw is verified:

ot Opi ) ot _ Opp
X ~ ax vy T Tav
(8)
ook _ 0% o _ 0%
X 00X ' oy Y

By replacingin Equation8 the gradientsof ¢ and ¢¥ by their
expressionsn T and T, the following four linear equationsare
obtained(seeEquation9), concerninghe two componentsX and
Y of thegradientsof ¢* andy®. Thetermdw takesinto account
thefactthat’Y and’Y pointin anoppositedirection.

¢”(a0). {Dw (a0) + 6w .Dw(a0)} +
Vv € {u,v}, ¢"(a1). {Dw (1) + 6w.Dw (1)} +
VW e{X,Y}, | (). {Dw(a2)} +
¢*(d2)- {6w.Dw(d2)} = 0
where 6W={ :Li :; %Z)Y(
©)



3.2 Honoring Linear Constraints

We have shawn in Section2 how D.S.l. canbe usedto construct
a mappingof a triangulatedmesh. What we wantto do now is

to take into accountthe two criteria minimizing the distortionsof

themappingnamelytheperpendicularitandhomogeneityriteria
previously introduced.Thesetwo criteriacanbewritten asa setof

linearequationsAs it is not possibleto honortheseconstraintgor

anon-deelopablesurface,they will berespectedn a leastsquae

sensethusminimizingthe distortions. The generafform of sucha

constraints givenin Equation10 below:

> {Av(@) ¢ (@)} = bo (10)

a€e)

wherethevaluesA.» («) andthescalarb.» areconstangiven co-
efficientsdefiningthe constraintc.

Equation7, correspondingo the perpendicularityf theisopara-
metric cunvesin the triangle T = (ao, @1, a2), yields two con-
straintsc}. andc?: to be honoredwheninterpolatinge™ and ¢
respectrely. Theexpressiorof ¢ is givenbelav in Equation11.
The expressionof the twin constraintcy canbe obtainedby per
mutingu andw in this equation.

vj e {O, 11 2}1
ApH Aok
Aer (aj) = F5-Dx(o) + 5Dy (ay)
Va ¢ {aoaalaa2}:
Acg}(a) = 0
bcv_r = 0

(11)

The homogeneitycriterion specifiedby Equation9 canbe ex-
pressedy the following four constraintsg™ , cg” , cg* andcg’
yieldedby Equation12 below, to betakeninto accounateachedge
E = (a0, a1) of thetriangulationg. Theverticesa» anda» denote
thetwo remainingverticesof thetwo trianglesT andT sharingthe
edgeE.

Ac;j:W (@) = {Dw(ao)+dw.Dw(ao)}
Ac;j:W (@1) = {Dw(a1)+dw.Dw(ar)}
Apw(az) = Dw(az)
Ac::W (d2) = Ow.Dw(d»)
ACVEW (a) = 0 Va ¢ {ao,a1,a2,a~2}
bCVW = 0
E
where:
v € {u,v} wWe{X, Y} ; 6W:{;i :I gzii
(12)

Theroughnessriterionwhich D.S.1. minimizescanbe general-
izedin orderto honorasetC of linearconstraintdn a leastsquare
senseln ourcasethesetC of constraintss givenby Equationl3,
where€ denoteghesetof theedgewf thetriangulationg (Q, 7).

C:(U {c‘%,c%})U(U {cgX,cgy s cxs s cn })

TET EcE
(13)

The genealized roughnessR* (), taking into accountthe de-
greeof violation of the constraint<’, is given by Equation14 be-
low. In additionto the equationof theroughnesgivenin Section3
(Equation3), severaltermscorrespondo the linear constraintsas
describedurtheron:

R*(p) = R(p) +

¢. > we. { ( > Ac”(a).g:"(a)) - bc} (14)
ceC veE{u,v} a€Q

In Equation14, the term R() is the roughnesgseeEquation
3), andthe secondterm representshe degree of violation of the
linear constraints. Each constraintc is ponderatedby a given

> 0 coeficient, allowing to tunetherelative importanceof the
constraintsFor instanceit is possibleo make themappingrespect
the perpendicularityatherthanthe homogeneity Moreover, since
eachtriangle T and edgeE hasan individual constraintdefined,
aswell asanindividual associatedo. coeficient, it is possibleto
selectthe surfacezoneswherethe distortionsareto be minimized
in orderof preference.The remainingcoeficient ¢ €]0, +oo[ is
a given parametercalled the fitting factor and representinghe
importanceof the constraintgelative to theroughness.

ThefunctionnalR* () is a quadraticform, whoseminimumis
reachedf OR*(p)/0¢" (a)) = 0 for eachw € {u, v} andfor each
a € Q. Thisyieldsthe following equationwhich solutionmini-
mizesR* (p):

G'(0lo) + bm) T (le) g

P =~ T 6w (@)

> we.Td(ely)
ceC

Z we.Ye (o)

ceC

M(alp) =

(16)
7@ =

(AZ(@)?

ax

2

N
I

7
Te(aly)

A”a){ZA"

BFa

”(ﬁ)—bc}

The orthogonality constraint suggestsa modification in the
iterative D.S.I. algorithm. The two internal loops iterating on
the componentf ¢ and on the nodesof Q respectiely have
beeninverted. At eachiteration, ¢* is interpolatedwhile ¢°
is consideredio be constant,then the roles of ¢ and ¢* are
permuted. The resulting algorithm given belonv assigns(u, v)
coordinatego the verticesof thetriangulationwhile respectinghe
specifiedsetof constraints.



let I bethesetof nodeswvhereyp is unknavn
let o] beagiveninitial approximatedolution
while (moreiterationsareneeded)
for_all(v € {u,v}) {
forall(aeI){

v — _ G¥()+T¥(alg)
P(@) = - “parr @)

}
}
}

4 LOCALLY CONSTRAINING A MAPPING

The constraintsiefinedsofar in this paperprovide the userwith a
global control on the mappingfunction. Evenif the orthogonality
and perpendicularityconstraintscan be weightedlocally to spec-
ify thezoneswheredistortionsarepreferablyto be minimized,this
may be not sufiicient for someapplicationswherea more precise
setof local constraintds required. For instancejt may be neces-
saryto align somedetailsof textureswith detailsof models which
canbeachisredby specifyingisoparametricurves. Moreover, the
modelto be texture mappedcan presentcuts, and the user may
want do definea single mappingfunction for a cut modelinstead
of sewing togetherseveral patches. This requiremenican be ful-
filled by makingthemappingcontinuoughroughcutsasdescribed
furtheron.

4.1 Specifying an Isoparametric Curve

As shavn in Figure 6, we considerthat we have a given polygo-
nalcurne L = {po,...,Ppm } associateavith a givenvalueu, of
the parameten.. We describeherethe constraintso be honored
for makingtheisoparametriof the mappingdefinedby (u = wo)
correspondo the projectionof L onthesurfaceS. Eachpointp;
of L yields a constraintcp, ensuringthatthe isoparametricurve
u = uo of themappingy passesearthe projectionp; of p; on S.

Figure6: Aligning detailsof the textureto detailsof the modelby
specifyinganisoparametricune.

ThetriangleT = (ao, a1, a2) is thetriangleof S thatcontains
p;, and(Xo, A1, X2) arethebarycentriccoordinate®f p; in T. The
linearrelationto be honoreds givenin Equation18 below.

2. Nt(ay) = uo
j€{0,1,2}
Aj-play) = p;
where:
> A=1
j€{0,1,2}

Equation19 belowv givesthe expressiorof the constraintcp, in
theform of Equation10in Section2. Sucha constraintper point
p: is addedto the setC to be honoredoy D.S.I.,introducedin the
previoussection.

ACpi (Otj) = )‘j V_] € {0, ]-a 2}
Aep,(@) = 0 Va¢{ao,o1,az} (19)
bcpi = U

Figure7: Extrapolatingamappingirom four userspecifiedsopara-
metriccurves.

Remark:

As mentionedn Section2, thetwo following sufficient conditions
ensurehatadiscretefunctiony definesamapping:

1. Theimageof the borderof the surfacethroughy
in the parametridu, v) domainis a convex poly-
gon.

2. Eachinternalnodeis a corvex combinationof its
neighbors.

Introducingthe constraintdo ensurethatthe isoparametricurves
are orthogonal,with homogeneouspacingmeansthe first condi-
tion canbereplacedoy a lessrestrictve one. As shawvn in Figure
7, it is thensufiicient to specifyfour arcsof isoparametricurves
{u1,u2,v1,v2} usingthe constraintpreviously introduced. Thus,
by enablingusto usethe algorithmnot only asaninterpolator, but
alsoasanextrapolator, it is possibleto construcimappingdor sur
faceshaving comple shapedordersby leaving ¢ unspecifiecbn
theborder



4.2 Constructing a Mapping for a Cut Surface

Let usnow considetthatthe surfacehascuts,andthatwe wantthe
mappingfunction® to becontinuoughroughthesecuts. Insteadof
usingseveral distinct patchesandmakingthe edgesof the patches
matchasdescribedn [Blo85], the surfaceis considerechereasa
singlepatch(asit wasbeforebeingcut), assuggesteih [CEM97].
The setof constraintsdescribedbelav allows us to assign(u, v)
coordinatedo the verticesof the triangulationin sucha way that
the two bordersof a cut are mappedto the samecurwe by the
interpolated® mappingfunction. In otherwords,the cutsaresevn
in (u,v) domainspace.

Figure8: Connectingwo bordersof acutin texturespace.

As shavn in Figure8, twin setof points{q;,7 = 0...n} and
{@;,i = 0...n} aresampledon the twin bordersof the cut. We
describenow how to make the mappingmatchat eachpair (q;, qi)
of points. More precisely we wantto respecthefollowing condi-
tions:

1) er(a) = (@)
Yv € {u,v} (20)
(2) gradpr = gradgy

whereT andT denotethe trianglescontainingq; andq; respec-
tively. Thegradientgrade?. is computedasdescribedn Section
3 (seeEquation5), usingthe basisshavn in Figure4.

Using the methodsintroducedin the previous two sections,it
is easyto translatethesetwo conditionsinto the D.S.I. constraints

Cqs,d; @Ndcy” ., givenbelaw in the equations21 and 22 respec-

tively.
Ay () = X Vje{o1}
A (@) = =X Vie{0,1}
(21)
AC;.,q- (@) = 0 Va ¢ {ao, 01, do,d1}
by (@) = 0

where; jco,13 and\; je 0,13 denotethebarycentriccoordinates
of q; in [p(ao), p(a:1)] andd; in [p(do), p(d1)] respectiely.

Qi,d;’ “9i,d;’ 9,
by Equation22 belowv ensurea constantgradientof the mapping
throughthe cut. In otherwords, anisoparametricurve pointsin

the samedirectionin thetwo correspondingrianglesT andT.

The four constraintsc®X ., c*Y c”xq.,, and cg,yd, yielded

ACUW_ (aj) = Dj V] € {03 1:2}
;.95

Apw (@) = dw.D; Vje{0,1,2}
9;,9;

ACVW_ (a) = 0 VOA¢{O¢0,0¢1,0&2,0¢~0,0Z1,0Z2}
;.95

bC"W_ (a) = 0
4,95

where:
ve{uv} ; WeX,Y)} ; 5W={ oo
(22)

5 RESULTS AND APPLICATIONS

One can seein Figure 9 the resultsof the methodappliedto a

triangulatedmeshrepresenting face(seeFigure 9-A). The effect

of the orthogonalityand homogeneityconstraintscan be brought
to the fore by comparingFigure 9-B (no constraintused) and

Figure 9-E (orthogonality and homogeneity enforced), where
a checler patternis mappedto the mesh. The isoparametric
curves correspondingo this latter imageare displayedin Figure

9-D, whereone can checkthat the iso-u curves shawn in red are

perpendiculato theiso-v shawvn in blue. In Figure9-C, the same
non-distortingmappingfunctionis usedwith afanciertexture. For

all thesepictures,the constraintsensuringthe continuity of the

mappingthrough cuts have beenspecifiedat the mouth and the

eyesof the model. This modelhas3000 triangles,andhasbeen
parametrizechfter 100 iterationsin approximatiely one minute

usinganR4000machine.

As with ary othertexture mappingmethod,or more precisely
aswith ary parametrizatioralgorithm,our techniquesnay be ap-
pliedto problemstherthanthoseassociatedvith texturemapping.
In the realm of geosciencesseveral different methodsbasedon
our techniquehave beenimplementednto a widely usedgeology
orientedC.A.D. software. Among all the possibleapplicationsto
namebut a few:

e Unfolding surfacesrepresentinghe boundarie®f geological
layerswhile preservinghevolumeof thelayers;

e Generatingyridssuitablefor finite elementsanalysis;

e Beautifyingtriangulatedmeshesby remeshingn (u, v) do-
mainspace.

e ConstructingSplinesurfacesfrom triangulatedneshes;

e Performingcomputationsuchasgeostatisticakimulationgn
(u, v) domainspace.

Not only do theseapplicationsrequire that mappingspresent
non-distortingproperties,which is fulfilled by our method, but
in addition, theseapplicationswill benefitfrom the ability of our
methodto take into accountadditionalinformation expressedn
theform of linearconstraints.

Themethodappliedto geologicaldatais demonstrateth Figure
10. In Figurel0-A, onecanseeamappingof acomple cutsurface,
correspondingo aboundaryof ageologicalayerpresentindaults.
In Figure 10-B, the isoparametriccurves of the mappingare dis-
played,andonecanseethatthe mappingis continuoughroughthe



cutsof the surface. In Figure10-(C,D,E),a surfacerepresenting
domeof saltis parametrizedFor thiskind of surfaceswhicharefar
from developable distortionswill still remain,andonecanchoose
a compromisebetweenthe orthogonalityand the homogeneityof
the mappingby tuning the weightingsw,. of the two constraints.
In Figure 10-C, the orthogonalityis respectedbut the sizesof the
squaredliffer in a greatdeal, whereasn Figure 10-E the squares
have approximatiely the samesizewhile theisoparametricurves
arefarfrom orthogonal An averagesolutionis shavn in Figure10-
D, wherethe sameweightinghasbeenusedfor thetwo constraints.
Onecanseein Figure10-Fa mappedsurfacewith anisoparamet-
ric curve specified.As shavn in Figure10-G, the texture hasbeen
alignedto thiscune.

CONCLUSIONS

We have presentedn this papernew techniquedor non-distorted
mapping. In addition to the other methodsbasedon global

minimization of distortions, our method can easily take into

accountvarious additional information. It is thus possibleto

specifythe zoneswheredistortionsshouldbe minimizedin order
of preferencefo male a setof isoparametripasseshroughuser
specifiedcurves,andto sew the cutsof a surfacein texture space.
Moreover, it is very easyto extend the methodby defining new

constraints pncetheseconstraintscan be expressedas linear (or

linearizableyelations.

The method can be easily implemented,since it does only
requirean efficient representatiorof triangulatedmesheswhich
is provided by most C.A.D. packages. Thus, the algorithm has
beenintegratedas a basicalgorithminto a widely usedC.A.D.
software dedicatedto geology and several methodsother than
these associatedwith texture mapping have been developped
basedon this algorithm, suchas unfolding geologicallayersand
performingcomputationsn texture space.

Oneof the limitations of the techniqueis thatit canbe applied
to planargraphsonly, i.e. to surfacestopologicallyequivalentto a
disk. A generalizatiorof the methodworking on arbitrarytopol-
ogy could be realized, by dividing the surfaceinto (topological)
disksusinga Voronoibasedapproachas proposedn [ERDH95].
A methodsuchasthe onedescrinedn [Tur91] could be alsoused
to choosethe sitesof the Voronoidiagram. A constraintensuring
the continuity of the gradientfrom onedomainto anothercouldbe
added(seeEquation22), thus blurring the limits of the basetri-
anglesthatappeamhendirectly applyingthe methoddescribedn
[ERDH95]. Theinteractvity of the tool could alsobe improved
by speedingup the algorithm, usinga conjugategradientmethod.
This latterimprovementtogethemwith a large setof possiblelocal
constraintscould have an importantimpacton 3D paint systems.
Futureresearclalsocomprisethe extensionof the methodto tetra-
hedralizedneshesgenablingto assign(u, v, w) coordinatego the
verticesof tetrahedralizations.
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Figure9: Texturemappingon aface.



Figure10: Applicationsto geology



